Input mixing linear trapezoidal Sallen Key Filter (SKF) in
state increment form: state += val
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Putting it in the form of a state increment keeps the all coefficients near zero at low frequencies,

which is feels intuitively right to me since you just increment a bit of signal onto your existing state to
do your integration.

Please refer to the other papers located at www.cytomic.com/technical-papers for derivations of
trapezoidal integration, the maths of circuit solving, and the symols used.

Mixing inputs to make low, band, high SKF

Sallen Key Filter with input mixing
Andrew Simper Dec 2014

(inputs can all be the
same signal eg: v0)
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high %

response for same input (m0, m1, m2) => low (1, 0, 0), band (0, 1, 0), high (0, 0, 1), notch (1, 0, 1), peak (-1, 0, 1)

Solve the laplace equations

Remove [""Global " %"]

eqn = {val = (mMOvO-mlvO -vl), va2 = (mlvO+vl-v2), vl == (k) v2-m2vO +vcl,
v2==m2v0+vc2, O==gval-svcl, O0==gva2-svc2, hs=v2/Vv0};

hs = hs /. Solve[eqn, {hs}, {v1, v2, val, va2, vcl, vc2}]1[[1]] // FullSimplify

g?md+gnls+ns?

92-9g (-2+k) s +8?
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Boring plots of amplitude response, yes it is a low, band, high, notch, and
peaking filter!

dB[Xx_] := 20 Log[Abs[x]]
AmplitudePlot[hs_, m_] := Show[Table[LogLinearPlot]
dBlhs /. (MO -»>m[[1]], ml->m[[2]], m2->m[[3]], S-»>1iw, g-1}],
{w, 0.1, 10}, PlotRange » {60, -60}, Frame -» True], {k, 0, 2, 0.25}11;
AmplitudePlot[hs, {1, 0, 0}]
AmplitudePlot[hs, {0, 1, 0}]
AmplitudePlot[hs, {0, 0, 1}]
AmplitudePlot[hs, {1, 0, 1}]
AmplitudePlot[hs, {-1, 0, 1}]

7607\ 1 1 1 1 1 \7




60

20

-20

-60

60

20

-20

-60

60

20

-20

-60

0.2

05

10

20

5.0

SkflnputMixing.nb | 3



4 | SkflnputMixing.nb

Solve the nodal circuit equations for an implicit linear SKF, mixing for low,
band, high

Remove["Global " *"]

shn =

Solve[{val == (vlow-vband -vl), va2 = (vband +vl-v2), vl == (k) v2-vhigh+vcl,
v2 == vhigh+vc2, 0==gval- (vcl-icleq), O0==gva2- (vc2-ic2eq)},
{vcl, vc2}, {vi1, v2, val, va2}]1[[1]1] 7/ FullSimplify

slnl=a /. Solve[(vcl /. sln) = icleq+a, al[[1l]];

sIln2 =a /. Solve[(vc2 /. sIn) = ic2eq+a, al[[l]];

{vcl -» icleq+slinl}

{vc2 -» ic2eq +sln2}

coefl = Coefficient[sInl, {vlow, vband, vhigh, icleq, ic2eq}] // Simplify

coef2 = Coefficient[sIn2, {vlow, vband, vhigh, icleq, ic2eq}] // Simplify

1
{Vclei
(1+9)2-gk
(icleq (1+g-gk)+g (- (1+g) (vband -vhi gh-vlow) -k (i c2eq +vhigh+gvlow))),
1
ve2 > ———————(ic2eq+g (icleq+ic2eq+vband + (-2 -g+k) vhigh+gvl ow))}
(1+9)2-gk

{vcl sicleq+ (-gicleq-g?icleq-gic2eqk-gvband-g®vband +gvhigh+
g” vhi gh - gk vhigh+gvliow+g?viow-g®kviow) / (1+2g+9g*-gk)}

{vc2+i02eq+ (gicleq—gic2eq—gZiCZeq+gi02eqk+
g vband - 2 g vhi gh - g vhi gh + g k vhigh + g?viow) / (1+2g+g°-gk)}

g((l+g-gk) g (1+9)
{1+ngg (-2 +Kk) 71+ngg (-2 +k)

g (1+g-k) g (1+9) gk
1+9%2-¢ (-2 +Kk) 71+gz—g (-2 +k) 71+Zg+gz—gk}

{ g? g g (-2-g+k) g g (-1-g+k) }

1+Zg+nggk, 1+Zg+nggk, l+ngg<72+k), 1+Zg+nggk’ 1+9%2-9 (-2 +k)
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Coefficients using Tan, mixing for low, band, high

gt = {gOmO -» coefl[[1]] /- {g~» Tan[nxw]}, gOml » coefl[[2]] /- {g~-» Tan[nw]},
gOm2 - coefl[[3]] /- {g-»Tan[xw]}, gl -»coefl[[4]] /- {g-Tan[xw]},
g2 » coefl[[5]] /- {g~»Tan[xw]}, g3m0 -» coef2[[1]] /- {g-»>Tan[xw]},
g3ml -» coef2[[2]] /- {g-» Tan[xw]}, g3m2 » coef2[[3]] /. {g-> Tan[nxw]},
g4 » coef2[[4]] /- {g-»Tan[nxw]}, g5 -»coef2[[5]] /- {g-» Tan[nrw]}}

Tan[nw] (1+Tan[nw] -k Tan[stw])

{gOrrO»
1- (-2+k) Tan[stw] + Tan [x w]?
Tan[nw] (1+Tan[mtw Tan[nw] (1-k+Tan[nmw
qont > - [rw] (1+ [rw]) | gone [rw] ( + [rw]) ’
1-(-2+k) Tan[nw] + Tan [ w]? 1-(-2+k) Tan[nw] + Tan [ w]?
Tan[sw] (1+Tan[xw]) k Tan [t w]
gl > - , 02 > - )
1- (-2+k) Tan[sw] + Tan [ w]? 1+2Tan[nw] -k Tan[srw] + Tan [ w] 2
Tan [ w]2
g3nmd - ,
1+2Tan[nw] - k Tan [t w] + Tan [ w]?2
Tan [t w] (-2+k-Tan[srw]) Tan [t w]
g3l - , 93n2 - ,
1+2Tan[nw] - k Tan [t w] + Tan [ w]?2 1- (-2 +k) Tan[sw] + Tan [ w]?
Tan [t w] (-1+k-Tan[zw]) Tan [t W]
g4 - , g5 - 2}
]

1+2Tan[nw] - k Tan [t w] + Tan [ w]? 1-(-2+k) Tan[nxw] + Tan[ntw



6 | SkflnputMixing.nb

Coefficients in terms of Sin instead of Tan, mixing for low, band, high

ToSinsl[x_] :=Block[{ss},
SS = ((ExpandNumerator[ExpandDenominator[Ful ISimplify[x /. {g-»s/c}]]1] //-
{cs»1/2s2}) //. {c?»1-5%}) /.
{c»>Cos[nw], S->SIn[xw], S2-SIN[27wW]};
ss = Simplify[Numerator[ss], ExcludedForms -» {Sin[_]1}]/
Simplify[Denominator[ss], ExcludedForms - {Sin[_]1}1;
Return[ss];
|
gs = {gOml -» ToSinsl[coefl[[1]]], gOml -» ToSinsl[coefl[[2]]],
gOm2 - ToSinsl[coefl[[3]]], gl -» ToSinsl[coefl[[4]1]],
g2 -» ToSinsl[coefl[[5]]1], 9g3m0O -» ToSinsl[coef2[[1]]],
g3ml -» ToSinsl[coef2[[2]]], g3m2 -» ToSinsl[coef2[[3]]1],
g4 -» ToSinsl[coef2[[4]1]], g5 - ToSinsl[coef2[[5]]1]1}

~(-1+K) Sin[ﬂw}2+%Sin[2ﬁW] 7Sin[7TW]27%Sin[27TW}
{gOrrﬂ.e , gont - ,
1+Sin[2nw}-§k5in[2nw} l+Sin[27rw]—%kSin[27rw]
2Sin[rw2+Sin[2 7w -k Sin[2rw -Sin{rw2->Sin[2rw
gOI'TQ% ,g]_% ,
2 (l+Sin[27rW} - SkSin[2rw] 1+Sin[2aw - 2kSin[2nw
k Sin[2rw] Si n w2
g2 > - - , 93nD - ,
2-(-2+k)Sin{2mw] 1+Sin[2ﬂw]—%kSin[27rw]
Sin[2 7w 2 (-1+Sin[rw]?)
g3ml - , g3nm2 - -1+ ,
2-(-2+k)Sin[2mw] -2+ (-2+k)Sin[2mw]
Sin[2mw] 2Sin[nw]2+Sin[27rw] -k Sin[2mw]

2-(-2+k)Sin[2mw] -2+ (-2+k) Sin[2ntw]



SkflnputMixing.nb | 7

Manual simplification of the Sin only terms, mixing for low, band, high

-(-1+k) 2Sin[ww]?+ Sin[2 7 w] -2Sin[nrw]?2-Sin[2 7 w]
gsm = {gOmO - , goOml -»
2+ (2-K) Sin[2 7t w] 2+ (2-Kk) Sin[2 7w w]

2Sin[nxw]?+ (1-K) Sin[2 7 w] -2Sin[nw]?- Sin[27w]
gom2 - , gl
2+ (2-K) Sin[2 7 w] 2+ (2-K) Sin[2 7w w]

-kSin[2 7 w] 2Sin[rw]?
- , g3m0 » ,
2+ (2-Kk) Sin[2 7w w] 2+ (2-Kk) Sin[2 7 w]
Sin[2 7 w] -(2-k) Sin[2xw] -2Sin[xw]?

g3ml -» , g3m2 »
2+ (2-K) Sin[2 7 w] 2+ (2-K) Sin[2 7 w]

g2

g4 -

-

2+(2-k)$in[27rw1’g 2+ (2-Kk) Sin[2 7 w]
FullSimplify[gs - gsm]

Sin[2 7 w] —ZSin[7rW]2—(l—k)Sin[27rW]}

2 (1-k)Sin[nw]?+Sin[2mw] ~2Sin[nw]2-Sin[2nw]
{gOrrOe : , gont - _ ,
2+ (2-k)Sin[2nw] 2+ (2-k)Sin[2nrw]

2Sin(xw]2+ (1-k)Sin[2nw -2Sin[mw]2-Sin[2w
gOn‘Q» ,g]_%
2+ (2-k)Sin[2nw 2+ (2-k)Sin2nw

k Sin[2nw] 2 Sin[nmw)?
g2 > - , 93nD - ,
2+(2-k)Sin[2nrw] 2+ (2-k)Sin[2rw]

Sin[2mw] ~2Sin[(nwl?+ (-2+k)Sin[2nxw
g3ml - , g3n2 > ,
2+(2-k)Sin[2nrw] 2+ (2-k)Sin[2nw]

Sin[2nw] -2Sin[rw]2- (1-k) Sin[2mw
g4 - , g5 - }
2+ (2-Kk)Sin[2nwl 2+ (2-Kk)Sin[2nw

-2 (-1+k)Sin[mw]?+Sin[2xw]
2-(-2+k)Sin[2mw]
2Sin[w] (-Cos[nnw] + (-1+Kk) Sin[mw])

gon0 -

+

[gOml» J 0,0, 0,0 0 0,0, O, o}

-2+ (-2+k) Sin[2mtw]
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Psuedo code, mixing for low, band, high, decoupling mixing from coeffs,
possibly different inputs

= band mix

vband = band pass input * ml
vhigh = high pass input * m2

k = 2*res

w = pi*cutoff/samplerate
sl = sin(w)

s2 = sin(2*w)

nrm = 1/(2 + (2 - k)*s2)
sln = 2*sl*sl*nrm

s2n = s2*nrm

gom0 = -(1 - k)*sln + s2n
gOml = -sln - s2n

gom2 = sln + (1 - k)*s2n
gl = -sln - s2n

g2 = -k*s2n

g3m0 = sln

g3ml = s2n

g3m2 = -sln - (2 - k)*s2n
g4 = s2n

g = -sln - (1 - k)*s2n
clear

icleg = 0

iczeq = 0

tick

vO = input

tl = vlow*gOmO + vband*gOml + vhigh*gOm2 + gl*icleq + g2*ic2eq

t2 = vlow*g3m0 + vband*g3ml + vhigh*g3m2 + g4*icleq + g5*ic2eq
vcl = tl1 + icleq

vc2 = t2 + ic2eq

icleq = icleq + 2.0*tl

ic2eq = ic2eq + 2.0*t2

out = vhigh + vc2

Implementation check against tan version, mixing for low, band, high

CalcCoeffl[cutoff_, res_, mixlow_, mixband_, mixhigh_, sr_] :=Block[{w, nrm},
mO = mixlow;
ml = mixband;

m2 = mixhigh;
w = cutoff/sr;
k=2=xres;

g=Tan[ww];

1;
CalcCoeff2[cutoff_, res_, mixlow_, mixband_, mixhigh_, sr_] :=
Block[{w, nrm, sl1l, s2, s2n, ssn},
mO = mixlow;
ml = mixband;
m2 = mixhigh;
w = cutoff/sr;
k=2=xres;
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sl =Sin[nw];
S2 =Sin[27xw];
w = 7t * cutoff / sr;
sl =Sin[w];
S2 =SiIn[2*w];
nrmm=1/(2+ (2-K) *xs2);
sln =2 %Sl %Sl % nrm;
sS2n = S2 x Nrm;
gomO = - (1 - k) »sln+s2n;
goml = -s1n-s2n;
gom2 = s1ln+ (1 -K) *s2n;
gl = -sln-s2n;
g2 = -k »s2n;
g3m0 = sin;
g3ml = s2n;
g3m2 = -sln- (2 -K) *s2n;
g4 = s2n;
g5 = -sln- (1-Kk) »s2n;
1

Tickl[t_, vO_] :=

Block[{vl, v2, t0, tcl, t1, t2, vout, vcl, vc2, vlow, vband, vhigh},

vlow = vO*mO; (xonly using vO here as the same input to all responsess)
vband = vO % m1;
vhigh = vO *m2;

1
vcl = —  (icleq (1 +g-gKk) +
(L+9)2-gk
g (- (1+g) (vband -vhigh-vlow) -k (ic2eq+vhigh+gvlow)));
1
vc2 = —  (ic2eq + g (icleq+ ic2eq+vband + (-2 -g+ k) vhigh+gvlow)) ;
(L+9)2-gk

icleq = 2vcl-icleq;
ic2eq = 2vc2 - ic2eq;
vout = m2 vO +vc2;

Return[{t, vO, vout}]

Tick2[t_, vO_] :=
Block[{vl, v2, tO, tcl, t1, t2, vout, vcl, vc2, vlow, vband, vhigh},
vliow = vO*»mO; (xonly using vO here as the same input to all responsess)
vband = vO »m1;
vhigh = vO * m2;
tl = vlow » gOmO + vband = gOm1 + vhigh » gOm2 + g1 = icleq + g2 = ic2eq;
t2 = vlow % g3m0 + vband = g3ml + vhigh » g3m2 + g4 * icleq + g5 * ic2eq;
vcl = icleq + tl;
vCc2 = ic2eq + 12;
icleq = icleq+2.0 % tl;
ic2eq = ic2eq+2.0 % t2;
vout = vhigh +vc2;
Return[{t, vO, vout}]
1;

Sr =44100.0;
h=1.0/sr;
cutoff = 1000.0;
res =0.5;

MySaw [x_] :
MyOsc[x_] :

2 (x-Floor[x] -0.5);
1 MySaw [400 X] ;
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mixlow = 1;
mixband = 0;
mixhigh = 0;
CalcCoeffl[cutoff, res, mixlow, mixband, mixhigh, sri;
CalcCoeff2[cutoff, res, mixlow, mixband, mixhigh, sri];
icleq = ic2eq = 0;
tpl = Table[Tickl[t, MyOsc[t]] , {t, O, 0.01, h}];
icleq = ic2eq = 0;
tp2 = Table[Tick2[t, MyOsc[t]] , {t, O, 0.01, h}];
ListPlot[Table[tpl[[All, {1, i}]]1, {i, 3, 3}1,
Joined » True, PlotRange -» All, PlotLabel - "Tan version"]
ListPlot[Table[tp2[[All, {1, i}]11, {i, 3, 3}1,
Joined » True, PlotRange -» All, PlotLabel - "Sin version']
tp3 = Table[Flatten[{tpl[[J, 1]1, tpl[[j, 211,

Table[tpl[[j, 1] -tp2[[J, 1], {i, 3, 3}]1}]1, {J, 1, Length[tpl]}];
ListPlot[Table[tp3[[AIl, {1, i}1]1, {i, 3, 3}], Joined - True,
PlotRange -» All, PlotLabel - "residual™]

mixlow = O;
mixband = 1;
mixhigh = 0;
CalcCoeffl[cutoff, res, mixlow, mixband, mixhigh, sr];
CalcCoeff2[cutoff, res, mixlow, mixband, mixhigh, srj];
icleq = ic2eq = 0;
tpl = Table[Tickl[t, MyOsc[t]] , {t, O, 0.01, h}];
icleq = ic2eq = 0;
tp2 = Table[Tick2[t, MyOsc[t]] , {t, O, 0.01, h}];
ListPlot[Table[tpl[[All, {1, i}]11, {i, 3, 3}1,
Joined » True, PlotRange -» All, PlotLabel » "Tan version']
ListPlot[Table[tp2[[All, {1, i}]]1, {i, 3, 3}1,
Joined » True, PlotRange -» All, PlotLabel - "Sin version"]
tp3 = Table[Flatten[{tpl[[j, 1]], tpl[[§, 21],

Table[tpl[[§, §1]-tp2[[j, 111, {i, 3, 3}1}1, {J, 1, Length[tpl]}];
ListPlot[Table[tp3[[All, {1, i}]], {i, 3, 3}], Joined - True,
PlotRange -» All, PlotLabel - "residual']

mixlow = 0;
mixband = 0;
mixhigh = 1;
CalcCoeffl[cutoff, res, mixlow, mixband, mixhigh, sri;
CalcCoeff2[cutoff, res, mixlow, mixband, mixhigh, sri];
icleq = ic2eq = 0;
tpl = Table[Tickl[t, MyOsc[t]] , {t, O, 0.01, h}];
icleq = ic2eq = 0;
tp2 = Table[Tick2[t, MyOsc[t]] , {t, O, 0.01, h}];
ListPlot[Table[tpl[[All, {1, i}]]1, {i, 3, 3}1,
Joined » True, PlotRange -» All, PlotLabel » "Tan version"]
ListPlot[Table[tp2[[All, {1, i}]11, {i, 3, 3}1,
Joined » True, PlotRange -» All, PlotLabel - "Sin version']
tp3 = Table[Flatten[{tpl[[J, 1]1, tpl[[j, 211,

Table[tpl[[j, 1] -tp2[[J, 1], {i, 3, 3}]1}]1, {J, 1, Length[tpl]}];
ListPlot[Table[tp3[[All, {1, i}1]1, {i, 3, 3}], Joined - True,
PlotRange -» All, PlotLabel - "residual™]
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Tan version
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Solve for the input mixing SKF to show relation to
regular DF1 coefficients

Remove ["'Global " "]
eqn =

{val = (MOVO-mlvO -vl), va2 = (mlvO+vl-v2), vcl= (Vl- (2-2Kk)Vv2+m2Vv0),

vc2 = (v2-m2v0), vcl == icleq+gval, vc2 == ic2eq+gvaz2,

icleq = (2vcl-icleq) z7*, ic2eq= (2vc2-ic2eq) z7*, hz =v2/Vv0};
hz = hz /. Solve[eqgn, {hz}, {vO, vl, v2, icleq, ic2eq, val, va2, vcl, vc2}][I[
111 7/ FullSimplify

skfa = Reverse[CoefficientList[Numerator[hz], z]];
skfb = Reverse [CoefficientList[Denominator[hz], z]];
skfa /= skfb[[1]]
skfb /= skfb[[1]]

hp Sk skfa[[1]] +skFa[[2]] z ! +skfa[[3]] z2

1+skfb[[2]] z1+skFfb[[3]] z2

a0+alzl+a2z?

1-blz1l-p2z2

hzdfl =

sIndfl = FullSimplify[Solve[{a0 == skfa[[1]], al == skfa[[2]],
a2 == skfa[[3]], bl ==skfb[[2]], b2 =skfb[[3]]}, {g, k, mO, ml, m2}]1]

m (-1+z)2+g?nmd (1+z)2+gnl (7l+22>

(-1+2)%2+9g2 (1+2)%2+2gk (—l+22>

{ngr0+gml+mz 292 -2n2 gznf)fgmLerZ}
1+9%2+2gk ' l+gz+ng, 1+g%2+2gk
-2+2¢9? 1+9°2-2gk
{1, g , g g }
1+9%2+2gk 1+g2+2gk

g% mD+g mL+n2 g2 mD-g mL+nR 29¢2n0-2n2
+ +
1+g%+2 gk (1+g®+2gk) 22 (1+g®+29gk) z

1+g%-2gk . -2+2¢?
(1+g%+2gk) z2 (1+g%+2gk) z

1+

a0+ 2,2t

Z2
b2 bl
1-%-7
-1-bl-b2 1-b2
{Joo- 222022 ,
\V-1+bl-b2 V-1-b1-b2 +/-1+bl-b2
a0 +al+a2 2 (a0 -a2) a0 -al+a2
- —m - ,nﬂei},
1+bl+b2 V-1-b1-b2 V/-1+b1-Db2 1-bl+b2
V-1-bl-b2 -1+b2 a0 +al+a2
{ge—, K > 11—
V-1+bl-b2 V-1-b1-b2 +/-1+bl-b2 1+bl+b2
2 (a0 -a2) a0 -al+a2
m - - nm -

V-1-b1-b2 v/-1+bl-b2 1-bl+b2 }}
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Calculate g, k, m0, m1, m2 for some specific DF1 coefficients.

This is the completely wrong way around to think of this stuff since you should be using the continu-
ous analog filter prototypes since the equations are soooo much easier, as is seen by the results of
the coefficients, they are fairly elegant and make sense, where the DF1 coeffs are completely
abastract

DF1 low pass

cw = Cos[nw];
sSw=Sin[xw];
alpha=kx*xsw/2;

b0 = 1 + alpha;

bl = (-2%cw) /b0;
b2 = (1 -alpha) /b0;
a0=1/2 (1-cw) /bO;
al=(1-cw) /bO;
a2=1/2 (1-cw) /b0;

Show[Table[Plot[{bO, bl, b2}, {w, O, 1}, PlotRange -» All], {k, 0, 2}1]
Show[Table[Plot[{a0, al, a2}, {w, O, 1}, PlotRange -» All], {k, O, 2}1]

sgkm = FullSimplify[sIndfl]
SqrSqreSimplify[eqgn_] :=
Fullsimplify[Sqrt[FullSimplify[(eqn)?]], w> 0&&w < 1&&k > 0]
Table[{g » SqrSqrtSimplify[g /. sgkm[[i]]],
k> (-1) " sqrSqrtSimplify[k /. sgkm[[i]1]], mO » (mO /. sgkm[[i]]),
ml - (-1)" SqrSqrtSimplify[ml /. sgkm[[i]]], m2 - (m2 /. sgkm[[§]])}, {i, 1, 2}]

2L
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20+
151
10+
05+
-1+Cos [t W] TW -1+Cos [T W]
2+k Sin[rw] k Cot {7] 2+k Sin[rw]
{{ge——,ke— ,rrO»l,m].»O,er»O},
B 1+Cos [t W] 2 B 1+Cos [t W]
2+k Si n[rw] 2+k Si n[rw]
-1+Cos [t W] TW -1+Cos [T w]
2+k Sin[mw] k Cot {7] 2+k Sin[w]
{9» k - ,rr0»1,ml»o,mzao}}

1+Cos [ W] 2 1+Cos [t W]
T 24k Sin[rw T 2+kSin[rw
TW k
ngTan[—},kearﬂ)el,mleo,nQ—>O},
2 2

JTW}, k%—ﬁ, nd -1, ml -0, n‘Q+O}}

{geTan[ 5
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DF1 high pass

cw = Cos[nw];
sw = Sin[nw];
alpha = kxsw/ 2;

b0 = 1 +alpha;

bl = (-2%cw) /b0;
b2 = (1 -alpha) 7 b0;
a0=1/2 (1+cw) /b0O;
al=-(1+cw) /bO;
a2=1/2 (1+cw) /b0;

Show[Table[Plot[{b0O, bl, b2}, {w, O, 1}, PlotRange -» All], {k, O, 2}11]
Show[Table[Plot[{a0, al, a2}, {w, O, 1}, PlotRange -» All], {k, 0, 2}1]

sgkm = FullSimplify[sIndfl]
SqrSqreSimplify[eqgn_] :=
FullSimplify[Sqrt[FullSimplify[(egn)?]], w>0&&w < 18&&k > 0]
Table[{g -» SqrSqrtSimplify[g /. sgkm[[i]]],
k> (-1) " sqrsqrtSimplify[k /. sgkm[[§]]], mO > (mO /. sgkm[[i]]).
ml > (-1)' SqrSqrtSimplify[ml /. sgkm[[i]]], M2 > (m2 /. sgkm[[i11)}, {i, 1, 2}]
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-1+Cos [r1w] TW -1+Cos [t w]
\[ 2+k Sin[nw] k Cot [ 2 ] \/ 2+k Sin[nw]
- k- no

Hg%, , %O,nﬂ.ﬁo,nﬂal},
B 1+Cos [t W] 2 B 1+Cos [t W]
2+k Sin[mw] 2+k Sin[rw]
-1+Cos [t W] TW -1+Cos [t W]
2:k Sin[rw k Cot [7] 7/ 2+k Sin[rw
{g%—,k% ,nO»O,mL»O,er»l}}
_ 1+Cos [rw] 2 _ 1+Cos[rw]
2+k Sin[mw] 2+k Sin[mw]

Hg»Tan[%/}, k»z, " -0, m -0, rTQel},

TW

{g»Tan[T}, keg, nm -0, nl -0, nQel}}

DF1 bell

cw = Cos[nrw];
sw = Sin[xw];
alpha = kxsw/ 2;

b0 =1+alpha/A;
bl = (-2%cw) /b0;
b2 = (1 -alpha/A) /b0;
a0 = (1 +alphaxA) /b0;
al=(-2%cw) /b0;
a2 = (1-alphaxA) /b0;

Show[Table[Plot[{b0 /. {A>2}, bl/. {A>2}, b2 /. {A>2}},
{w, 0, 1}, PlotRange - All], {k, 0, 2}1]

Show[Table[Plot[{a0 /. {A-»2}, al /. {A-2}, a2 /. {A-2}},
{w, 0, 1}, PlotRange -» All], {k, 0, 2}1]

sgkm = FullSimplify[sIndfl]
SqrSqrtSimplify[egn_] :=
FullSimplify[Sqrt[FullSimplify[(eqn)?]], w>08&8&w < 18&k > 08&& A > 0]
Table[{g - SqrSqrtSimplify[g /. sgkm[[i]]],
K- (—1)iSquqrtSimplify[k /. sgkm[[§]1]], mO-» (mO /. sgkm[[i]]),
ml - (-1)'SqrSqrtSimplify[ml /. sgkm[[i]]], m2 > (m2 /. sgkm[[i11)}, {i, 1, 2}]
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10
A (-1:Cos [rw])
2 A+k Sin[ntw] Kk Si n oWl

{{o-- ' ,
_ A (1+Cosrw]) 1+Cos [ w]) _ A (1+Cos [nw]) .
2AKSin[rw 2\/2A+k5|n7rw] \/ 2AKSIN[rwW (2A+k Sin[mw])

AkSIn[}TWJ 2 A+k Sin[w]
n -1, nl - , mZ»l},

B A (1+Cos [7tw])
2 A+k Si n [t w]

A (-1+Cos [rw]) . _ A (1+Cos [rtw])
\l 2A+kS|n k'Sin[mw] 2 Ak Sin[rw]

(-1 +Cos [ w])

A (1+Cos [ w]) A (-1+Cos [tW])
T 2AKS nwW 2A (1+Cos[rw]) 2 Ak Sin[rw]
w 1+Oos TTW]
AkOOt T A/ 2A+kS|n
m->1, m - , I’T‘Qal
A (L+Cos [ w])

2 A+k Sin[rw]
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Hg»Tan[%}, kﬁzkA' m -1, nm - -Ak, nﬂel},

TW k
e | D ’ H
{9 Tan| 2} ko Mo 1, oAk e -1}

DF1 low shelf

cw = Cos[nw];
SW = Sin[xw];
alpha = kxsw/2;

SQrtA = Sqrt[A];

bO= ((A+1) + (A-1) xcw+ 2 % sqrtA x alpha) ;
bl=(-2% ((A-1)+ (A+1) »xcw)) /bO;

b2=((A+1) + (A-1) xcw-2=*sqrtAxalpha) /b0;

a0= (Ax ((A+1) - (A-1) xcw+ 2 *sqrtAxalpha)) 7/ b0;
al=(2+xA*x ((A-1) - (A+1) xcw)) /b0;

a2=(Ax ((A+1) - (A-1) xcw-2=*sqrtAxalpha)) /b0;

Show[Table[Plot[{bO /. (A2}, b1 /. {A-2}, b2/. {A->2}},
{w, 0, 1}, PlotRange - All], {k, 0, 2}]1]

Show[Table[Plot[{a0 /. {A-»2}, al /. {A-2}, a2 /. {A-2}},
{w, 0, 1}, PlotRange -» All], {k, 0, 2}1]

sgkm = FullSimplify[sIndfl]
SqrSqrtSimplify[egn_] :=
FullSimplify[Sqrt[FullSimplify[(eqn)?]], w>0&&w < 18k >08&& A > 0]
Table[{g - SqrSqrtSimplify[g /. sgkm[[i]]],
Kk - (—1)iSquqrtSimplify[k /. sgkm[[§]]], MmO -» (mO /. sgkm[[i]]),
ml - (-1)'SqrSqrtSimplify[ml /. sgkm[[i]]], m2 > (m2 /. sgkm[[i11)}, {i, 1, 2}]




-1+Cos [ W]
1+A+ (-1+A) Cos [nw] +VA K Sin[rw]

A (1+Cos [ W] )
1+A+ (-1+A) Cos [ w] +V A k Sin[xw]

A kSing nw}\/ ~1+Cos [ w]

1+A+ (-1+A) Cos [rw]+VA kSin[rw]

k - , D - A2
2( 14 CX)S A (1+Cos [rtw])
1+A+ (-1+A) Cos [t w] M/_kSln[zrw]
A2 K Sin[rw ~1+Cos [rw)
1+A+ (-1+A) Cos [nW]+VA Kk Sin[mw]
m - , 2 > 1},
(- 1+CDS A (1+Cos [71w])
1+A+ -1+A) Cos [t w] +/A KSi nmw]
-1+Cos [t W]
1+A+ (-1+A) Cos [rw]+VA k Sin[rw]
{9~ ,
_ A (1+Cos [1w])
1+A+ (-1+A) Cos [ W] +VA K Sin[mw]
VA k'Sin[rw] ~L+20s [ v
1+A+ (-1+A) Cos [7w] +VA K Sin[rw]
k - - y m - A2,
2 (- 1+Q)S A (1+Cos [1w])
1+A+ ~1+A) Cos [7w] +VA k Si n[rw]
-1+Co
A32K Sin[nw] +008 [rw)
1+A+ (-1+A) Cos [mw]+VA kSin[rw]
m - - , 2 1}}
( 1+@s A (1+Cos [7tw])
1+A+ ~1+A) Cos [ w]+VA k Sin[rw]
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Tan[%’] K ,
{{g»?, ka—g, no - A2, nl > —Ak, ngl},
Tan[ﬂv] K
{g»?z, oo, no - AZ, ml - Ak, nﬁel}}
A

DF1 high shelf

cw = Cos[nw];
sw = Sin[nw];
alpha = kxsw/ 2;

sSqQrtA = Sqrt[A];

bO= (A+1) - (A-1) xcw+2*sqgrtAxalpha
bl=2%((A-1) - (A+1) *cw) /b0

b2 = ((A+1) - (A-1) xcw-2%sqrtA xalpha) /b0
a0=Ax ((A+1) + (A-1) xcw+2xsqrtA=alpha) /b0
al=-2xAx ((A-1) + (A+1) »cw) /b0

a2=Ax ((A+1) + (A-1) xcw-2=xsqrtA«alpha) / b0

Show[Table[Plot[{b0 /. {A>2}, bl/. {A>2}, b2 /. {A>2}},
{w, 0, 1}, PlotRange - All], {k, 0, 2}]]

Show[Table[Plot[{a0 /. {A-»2}, al /. {A-2}, a2 /. {A-2}},
{w, 0, 1}, PlotRange -» All], {k, 0, 2}1]

sgkm = FullSimplify[sIndfl]
SqrSqrtSimplify[egn_] :=
FullSimplify[Sqrt[FullSimplify[(eqn)?]], w>0&&w < 1&&k > 0&& A > 0]
Table[{g - SqrSqrtSimplify[g /. sgkm[[i]]],
k> (-1)'sqrSqrtSimplify[k /. sgkm[[§]]], mO > (mO /. sgkm[[i]]),
ml - (-1)'SqrSqrtSimplify[ml /. sgkm[[i]]], m2 > (M2 /. sgkm[[i11)}, {i, 1, 2}]

1+A-(-1+A) Cos[nw] +VA KSin[mw]
2 (-1+A- (1+A) Cos[rnw])

1+A- (-1+A) Cos[nw] + VA kSin[mw]

1+A- (-1+A) Cos[nw] -A kSin[rw]

1+A-(-1+A) Cos[nw] + VA k Sin[mw]

A(1+A+ (-1+A) Cos[nw] ++/A kSin[rw])

1+A- (-1+A) Cos[nw] + VA kSin[rw]
2A(-1+A+ (1+A) Cos[ntw])

1+A- (-1+A) Cos[nw] + VA kSin[rw]

A(1+A+ (-1+A) Cos[rw] -+/A kSin[nmwl)

1+A- (-1+A) Cos[nw] + VA kSin[rw]
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A (-1+Cos [tw])
1+A- (-1+A) Cos [nmw] +VA K Sin[rw]

{{o-- : ,

B 1+Cos [t W]
1+A- (-1+A) Cos [7w] +VA k Sin[rw]

1+A- (-1+A) Cos [7w] +VA K Sin[rw]

VA K Sin[nw J— 1+Cos [ w]

k - - y FTO d 1,
2 (1+Q)S[7TW]) A (-1+Cos [T W])
1+A- (-1+A) Cos [7w] +VA Kk Sin[rw]
A2k Sin[rw] |- 1+Cos [ w]
1+A- (-1+A) Cos [7w]+VA K Sin[rw]
m - - , 2 eAz},
(1 +Cos [ W]) A (-1+Cos [1w])
1+A- (-1+A) Cos [nw] +VA K Sin[rw]

\/ A (-1+Cos [t w]) \/KkSi n 7wl \/_ 1+Cos [ W]
1+A-(

~1+A) Cos [ w]+VA Kk Sin[mw] 1+A- (-1+A) Cos [7w] +VA Kk Sin[rw]

{g - , k-
B 1+Cos [7r W] 2 (1+Cos [7w]) A (-1+Cos [T W] )
1+A-(-1+A) Cos [7TW]+\/K|( Sin[nw] 1+A- (-1+A) Cos [t w] /A kS nmw]
A2k Sin[rw] |- 1+Cos [ w]
1+A- (-1+A) Cos [7w] +VA K Sin[rw)
rr0—>l,mle ,ITQ%AZ}}
(1+COS[7TW]) A (-1+Cos [t w])
1+A- (-1+A) Cos [t w] +/A kSi n{mw]

ng\/KTan[%v}, ka—z, nm -1, nl - -AKk, rTQ—>A2},

{g»\/KTan[%v}, kaz, n -1, nl - AKk, nQ»AZ}}



