Linear Trapezoidal Sallen Key Filter
(SKF) in state increment form: state
+= val

© Andrew Simper, Cytomic, 2014, andy@cytomic.com
created: 18th Dec 2014
last updated: 1st Feb 2016 (added explicit notch and peak responses to psuedo code)

Putting it in the form of a state increment keeps the all coefficients near zero at low frequencies,
which is feels intuitively right to me since you just increment a bit of signal onto your existing state to
do your integration.

| haven’t had time to add too much detail here, but please refer to the other papers located at
www.cytomic.com/technical-papers for derivations of trapezoidal integration and the maths of circuit
solving.

Thanks to Teemu Voipio (mystran) for pointing out the numerical benefits of using sin to calcualte
the coeffecients.
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Low pass SKF

Solve the nodal circuit equations for an implicit linear SKF, low only

Remove["Global™ *"]
sln = Solve[{vl == (k) v2+vecl, val == (vO-vl), v2=0+vc2, va2 == (vl -v2),
vel == icleq+gval, vec2 == ic2eq+gva2}, {vecl, vc2}, {val, va2, vl, v2}][[1]]
slnl =a /. Solve[(vcl /. sln) icleq+a, al[[1]];
sln2 =a /. Solve[(vc2 /. sln) == ic2eq+a, al[[1l]];
{vcl -» icleq + slnl}
{vec2 -» ic2eq + sln2}
coefl = Coefficient[slnl, {vO0, icleq, ic2eq}] // Simplify
coef2 = Coefficient[sln2, {v0, icleq, ic2eq}] // Simplify

{Vcla
—((—icleq—gicleq+gicleqk+gic2eqk—gv0—gzvo+92kvO)/<1+2g+gz—gk>),
-gicleq-ic2eq-gic2eq-g?v0
ve2 - - }
1+2g+g%2-gk

-gicleq-g?icleq-gic2eqk+gv0+g?v0-g?kv0

{vcl - icleq +

}

1+2g+g°-gk

gicleq-gic2eq-g?ic2eq+gic2eqk+g?v0

{ve2 > ic2eq+

}

1+2g+g®°-gk

g(l+rg-gk) - gl+g) B gk
1+g2-g (-2+k) 1+g2-g (-2+k) 1+2g+g®2-gk
g’ g g(-1-g+k)

14 14
l+2g+gz—gk l+Zg+gz—gk 1+gz—g(—2+k)

Coefficients using Tan, low only
gt = {g0 » coefl[[1]] /. {g-> Tan[nnw]}, gl » coefl[[2]] /. {g—> Tan[nw]},

g2 »> coefl[[3]] /. {g-> Tan[nw]}, g3 > coef2[[1]] /. {g-> Tan[nw]},
g4 » coef2[[2]] /. {g—» Tan[nw]}, g5 -> coef2[[3]] /. {g—» Tan[7w]}}

Tan[niw] (l+Tan[nnw] -k Tan[nw]) Tan[niw] (1+Tan[ntw])

{gOe ;91 - - ’
1-(-2+k) Tan[nw] + Tan[rw]? 1-(-2+k) Tan[rrw] + Tan[7w]?
k Tan [ w] Tan [T w]?
g2 - - ;93 > ’
1+2Tan[nw] -k Tan[7w] + Tan[nw]? l1+2Tan[nw] -k Tan[7w] + Tan[7w]?
Tan [7Tw] (-1+k-Tan[nrw]) Tan [T w]
g4 » r 95> }

1+2Tan[nw] -k Tan[nw] + Tan [7 w]? 1-(-2+k) Tan[nw] + Tan [ w]?
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Coefficients in terms of Sin instead of Tan, low only

ToSinsl[x_] := Block[{ss},
ss = ( (ExpandNumerator [ExpandDenominator [FullSimplify[x /. {g>s/c}]]] //.
{cs:>1/2s2}) //. {c*1-58%}) /.
{c > Cos[nnw], s-»Sin[nw], s2-» Sin[2nw]};
ss = Simplify[Numerator[ss], ExcludedForms - {Sin[_]}] /
Simplify[Denominator[ss], ExcludedForms - {Sin[_]}];
Return[ss];
E
gs = {g0 » ToSinsl[coefl[[1]]], gl -» ToSinsl[coefl[[2]]],
g2 -» ToSinsl[coefl[[3]]], g3 » ToSinsl[coef2[[1]]],
g4 » ToSinsl[coef2[[2]]], g5 - ToSinsl[coef2[[3]]1]}

-(-1+k) sin[nw]?+ 7 Sin[2 7 w] ~Sin[rw]2- 1 8in[2 nw]
{gOe 1 ; 9l > ) p
l+sin[2nw] - 5 kSin[2w] l+sin[2rw] - 5 kSin[2w]
k Sin[2 mtw] Sin[rw]?
g2 > - ) ;93 - ’
2-(-2+k) Sin[2 nw] 1+8in[2w] - > kSin[2 nw]
Sin[2 tw] 28in[nw]?+8in[21w] -k Sin[2 7 w]
g4 - ; 95— }

2-(-2+k) Sin[2 7 w] -2+ (-2+k) Sin[2 7w]

Manual simplification of the Sin only terms, low only

2 (1-k) Sin[nw]?+ Sin[2 ww] -2Sin[nw]?- Sin[2 ww]
gsm = {gO—) y gl >
2+ (2-k) Sin[2 ntw] 2+ (2-k) Sin[2 7rw]
-k Sin[2 7 w] 2 Sin[7w]?
g2 » r 93 > ’
2+ (2-k) Sin[2 nrw] 2+ (2- k) Sin[2 mw]
Sin[2 nw] -2Sin[nw]?- (1-k) Sin[2 7 w]
g4 -» ; g5 - }
2+ (2-k) Sin[2 nw] 2+ (2-k) Sin[2 nw]
FullSimplify[gs - gsm]
2 (1-k) Sin[nw]?+8in[2 nw] -28in[nw]?-8in[2 w]

{g0 > , gl - ,
2+ (2-k) Sin[2 nw] 2+ (2-k) Sin[2 nw]
kSin[2 7 w] 28in[nw]?

g2 - - ;93 > ’

2+ (2-k) Sin[2 tw] 2+ (2-k) Sin[2 tw]
Sin[2 mw] -28in[nw]?- (1-k) Sin[2 nw]
g4 - ; 95 - }
2+ (2-k) Sin[2 tw] 2+ (2-k) Sin[2 tw]

{OI OI 0’ OI OI 0}

Plot the coefficients to check the sin version matches the tan one

Note that the coefficients are near zero when the cutoff is near zero, and they remain bounded
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Show[Table[Plot[{g0 /. gt, gl /.gt, g2 /.gt, g3 /.9gt, g4 /.gt, g5/.gt},
{w, 0, 1/2}], {k, O, 2}], PlotLabel » "Tan form", PlotRange - All]

Show[Table[Plot[{g0 /. gsm, gl /. gsm, g2 /. gsm, g3 /.gsm, g4 /. gsm, g5 /. gsm},
{w, 0, 1/2}], {k, 0, 2}], PlotLabel -» "Sin form", PlotRange - All]

Tan form

Psuedo code, low only

init :
k = 2*res
w = pi*cutoff/samplerate

sl = sin (w)

s2 = sin (2*w)

nrm = 1/(2 + (2 - k)*s2)
sln = 2*sl*sl*nrm

s2n = s2*nrm

g0 = (1 - k)*sln + s2n
gl = -sln - s2n

g2 = -k*s2n

g3 = sln

g4 = s2n

g5 = -sln - (1 - k)*s2n
clear

icleqg = 0

ic2eq = 0

tick :

vO0 input

tl = g0*v0 + gl*icleq + g2*ic2eq

t2 g3*v0 + g4*icleq + g5*ic2eq
vcl = tl + icleqg (not needed)
vec2 = t2 + ic2eq

icleq = icleqg + 2.0*tl



SkfLinearTrapezoidalSin.nb | 5

ic2eq = ic2eq + 2.0*t2

Implementation check against tan version, low only

CalcCoeffl[cutoff_ , res_, sr_] :=Block[{w, nrm},

w = cutoff /sr;

k = res;

g=Tan[nw];
]:

CalcCoeff2[cutoff , res_, sr_] :=Block[{w, nrm, sl, s2, s2n, ssn},

w = cutoff/sr;

k = res;

sl = Sin[nw];

s2 = Sin[2 nw];

w = 7% cutoff /sr;

sl = Sin[w];

s2 =Sin[2 xw];

nrm=1/ (2+ (2-k) *s2);
sln =2 *slxsl*nrm;
s2n = S2 * nrm;

g0 = (1-k) *sln+s2n;

gl = -sln-s2n;

g2 = -k *s2n;

g3 = sln;

g4 = s2n;

g5 = -sln- (1-k) *s2n;

4
Tickl[t_, vO_] :=
Block[{vl, v2, tl1, t2, high, band, low, peak, notch, vcl, vc2},

-gic2eqk- (-1-g+gk) (icleq+gvo)
vel = - 7
-1-2g-g%2+gk

-gicleq-ic2eq-gic2eq-g?vo0
vec2 = - ;
1+2g+g%2-gk

icleq = 2vcl - icleq;
ic2eq = 2vc2 - ic2eq;
low = vc2;
Return[{t, vO, low}]

E

Tick2[t_, vO_] :=

Block[{vl, v2, t0, tcl, t1, t2, high, band, low, peak, notch, vcl, vc2},
tl =g0*xv0+glxicleq+g2 *ic2eq;
t2 =g3*v0+g4 *xicleq+ g5 * ic2eq;
vel = icleq+tl;
vec2 = ic2eq +t2;
icleq = icleg+2.0*xtl;
ic2eq = ic2eq+2.0 % t2;
low = vc2;
Return[{t, vO0, low}]

1:

sr = 44100.0;
h=1.0/sr;
cutoff = 5000.0;
res =1.9;

MySaw[x_] := 2 (x - Floor[x] - 0.5);
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M;(Osc [x_]:=1 MySaw[40d xE| ;

CalcCoeffl[cutoff, res, sr];
CalcCoeff2[cutoff, res, sr];
icleq = ic2eq = 0;
tpl = Table[Tickl[t, MyOsc[t]] , {t, O, 0.01], h}];
icleq = ic2eq = 0;
tp2 = Table[Tick2[t, MyOsc[t]] , {t, O, 0.01, h}];
ListPlot[Table[tpl[[All, {1, i}]1]1, {i, 3, 3}],
Joined » True, PlotRange -» All, PlotLabel -» "Tan version"]
ListPlot[Table[tp2[[All, {1, i}]1], {i, 3, 3}],
Joined » True, PlotRange - All, PlotLabel - "Sin version"]
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This residual shows that the Sin version is slightly more accurate than the Tan version, which will be
more important for limited precision implementations
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tp3 = Table[Flatten[{tpl[[j, 1]1, tpl[[j, 211,

Table[tpl[[j, i]] -tp2[[]j, 111, {i, 3, 3}1}], {j, 1, Length[tpl]}];
ListPlot[Table[tp3[[All, {1, i}]], {i, 3, 3}], Joined - True,
PlotRange -» All, PlotLabel - "residual"]

residual
2.x10715 1

1.x10-15 [

M \ ‘ n WA"A JT 10

~1.x10-5 [

—2.x10-5 [

Mixing inputs to make low, band, high SKF

Note : you can make notch and peak by summing or differencing low and high like you do with an
SVF

Sallen Key Filter with input mixing
Andrew Simper Dec 2014

(inputs can all be the
same signal eg: v0)
vi v2
input mixers ?— - -
. g p g p— output
t
"I‘;’w“ m0 a + @®—+
a1l a2
ci c2
input
band m
input
high m2 |
() k

response for same input (m0, m1, m2) => low (1, 0, 0), band (0, 1, 0), high (0, 0, 1), notch (1, 0, 1), peak (-1, 0, 1)

Solve the laplace equations

Remove["Global™ *"]

eqn = {val == mOv0O-mlvO -vl), va2 == (mlvO+vl-v2), vl == (k) v2-m2vO0+vcl,
v2==m2v0+vc2, 0==gval-svcl, 0==gva2-svc2, hs ==v2/v0};

hs = hs /. Solve[eqn, {hs}, {vl, v2, val, va2, vcl, vc2}][[1]] // FullSimplify

g’m0 +gml s +m2 s?

g?-g (-2+k) s+s?
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Boring plots of amplitude response, yes it is a low, band, high, notch, and
peaking filter!

dB[x_] := 20 Log[Abs[x]]
AmplitudePlot[hs_, m_] := Show[Table[LogLinearPlot [
dB[hs /. {mO »>m[[1]], ml->m[[2]], m2 >m[[3]], s»>1iw, g->1}],
{w, 0.1, 10}, PlotRange » {60, -60}, Frame -» True], {k, 0, 2, 0.25}]1];
AmplitudePlot[hs, {1, 0, 0}]
AmplitudePlot[hs, {0, 1, 0}]
AmplitudePlot[hs, {0, 0, 1}]
AmplitudePlot[hs, {1, 0, 1}]
AmplitudePlot[hs, {-1, O, 1}]
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Solve the nodal circuit equations for an implicit linear SKF, mixing for low,
band, high

Remove["Global ™ %"]
sln =
Solve[{val = (mOv0-mlv0 -vl), va2 = (mlv0+vl-v2), vl== (k) v2-m2v0+vcl,
v2==m2v0+vc2, 0==gval- (vcl - icleq) , 0=gva2- (vc2 - ic2eq) },

{vel, vc2}, {vl, v2, val, va2}] [[1]] // FullSimplify

slnl =a /. Solve[(vcl /. sln) == icleq+a, al[[1l]];

sln2 =a /. Solve[(vc2 /. sln) == ic2eq+a, al[[1l]];

{vecl -» icleq + slnl}

{vc2 -5 ic2eq + s1ln2}

coefl = Coefficient[slnl, {v0, icleq, ic2eq}] // Simplify

coef2 = Coefficient[sln2, {vO0, icleq, ic2eq}] // Simplify

1
{VCl%i
(l+g9)?2-gk
(-gic2eqk+icleq (1+g-gk)+g ((1+g-gk)m0- (1+g) ml+ (1+g-k)m2)vo0),
1
ve2 5 —————(ic2eq+g (icleq+ic2eq+ (gm0 +ml+ (-2 -g+k) m2) v0) )}
(1+9)%-gk
{Vcle

icleq+ (-gicleq-g®icleq-gic2eqk+gm0v0+g’®m0v0-g?km0v0-gmlv0-g®mlvo+
gm2v0+g’m2v0-gkm2v0) / (1+2g+g°-gk)}

{ve2 - ic2eq+ (gicleq-gic2eq-g®ic2eq+gic2eqk+
g’m0v0+gmlv0-2gm2v0-g’m2v0+gkm2v0) /(1+2g+g*-gk)}

g((l+g-gk)m0- (1+g)ml+ (1+g-k) m2) g (l+gqg) gk

{ 1+g°2-g (-2+k) ’7l+g2—g(—2+k)’71+2g+gz—gk
g (ml+g (m0-m2) + (-2 +k) m2) g g (-1-g+k)

{ 1+ g (-2+k) "1i2g+g2-gk 1+g® g (-2+k)

Coefficients using Tan, mixing for low, band, high

gt = {g0O »> coefl[[1l]] /. {g> Tan[nw]}, gl » coefl[[2]] /. {g—» Tan[nw]},
g2 » coefl[[3]] /. {g—» Tan[nw]}, g3 » coef2[[1]] /. {g—» Tan[nw]},
g4 » coef2[[2]] /. {g—» Tan[nw]}, g5 -> coef2[[3]] /. {g» Tan[nw]}}

{gO»
(Tan[niw] (-ml (1+Tan[siw]) +m2 (L-k+Tan[nrw]) +m0 (1 + Tan[sTw] —kTan[iTw])))/
(1-(-2+k) Tan[nw] + Tan[nw]?),

Tan[niw] (1+Tan[rw]) k Tan[ntw]

gl -» - ;92 > - ’

1-(-2+k) Tan[nw] + Tan[7w]? 1+2Tan[nw] -k Tan[nw] + Tan [ w]?
3 Tan[ntw] (ml+ (-2+k) m2+ (m0O-m2) Tan[ntw])
gs —

1-(-2+k) Tan[nw] + Tan [7w]? '
Tan [7TwW]

g4 > ’

1+2Tan[nw] -k Tan[7w] + Tan [ w]?
(-1+k-Tan[nrw]) Tan [T w]

g5 -
1-(-2+k) Tan[srw] + Tan [ w]?
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Coefficients in terms of Sin instead of Tan, mixing for low, band, high

ToSinsl[x_] := Block[{ss},
ss = ( (ExpandNumerator [ExpandDenominator [FullSimplify[x /. {g>s/c}]]] //.
{cs:>1/2s2}) //. {c*1-58%}) /.
{c > Cos[nnw], s-»Sin[nw], s2-» Sin[2nw]};
ss = Simplify[Numerator[ss], ExcludedForms - {Sin[_]}] /
Simplify[Denominator[ss], ExcludedForms - {Sin[_]}];
Return[ss];
E
gs = {g0 » ToSinsl[coefl[[1]]], gl -» ToSinsl[coefl[[2]]],
g2 -» ToSinsl[coefl[[3]]], g3 » ToSinsl[coef2[[1]]],
g4 » ToSinsl[coef2[[2]]], g5 - ToSinsl[coef2[[3]]1]}

{g0 > (-ml (2sin[nw]?+Sin[27w])+m0 (-2 (-1+k) Sin[nw]?+Sin[2w]) +

1
m2 (25in[7rw]2+sin[2ﬂw]—kSin[an]))/ 2 1+Sin[2ﬂw]—*ksin[2ﬂw]]),
2
—Sin[ﬂw]z—%sin[Zﬁw] k Sin[2 nw]
gl% 192—>— 14
1+Sin[27rw]—§ksin[27rw} 2-(-2+k) sin[2 w]

g3 - (ZmO Sin[nw]?+mlSin[2 7nw] +m2 (—2 Sin[nw]?-28in[27w] +kSin[2 HW]))/

4

1

(2 (1+Sin[2 mw] - —kSin[2 ﬂw])
2

Sin[2 ntw] 28in[nw]?+8in[2nw] -k Sin[2 W]

g4 - s 95 - }
2-(-2+Kk) Sin[2 ntw] -2+ (-2+k) Sin[2 tw]

Manual simplification of the Sin only terms, mixing for low, band, high

gsm={g0 - (m0 ((1-k) 28in[rw]?+Sin[27xw]) +ml (-2Sin[nw]®-Sin[2w]) +
m2 (2sin[rw]®+ (1-k) Sin[27w])) / (2+ (2-k) Sin[27w]),

-2S8in[nw]?2-Sin[2 nw] -k Sin[2 ww]

gl » ; 92 > ,
2+ (2-k) Sin[2 nw] 2+ (2-k) Sin[2 nw]
g3 > (m0 (2sin[7w]?) +ml (Sin[27w]) +m2 (-2Sin[rw]®- (2-k) Sin[27w])) /
(2+(2-k) sin[2 7w]),
Sin[2 nrw] -2sin[nw]?2- (1-k) Sin[2 ww]

g4 - ;95 > }

2+ (2-k) Sin[2 nw] 2+ (2-k) Sin[2 nw]

FullSimplify[gs - gsm]

{g0 > (ml (-2sin[nw]?-8Sin[27w])+m0 (2 (1-k) Sin[nw]®+8in[2w]) +
m2 (28in{nrw]®+ (1-k) Sin[27w])) /(2+ (2-%k) sin[27w]),

-28in[nw]?-8in[2 7 w] kSin[2 s w]

gl > r 92 > - ’
2+ (2-k) Sin[2 nw] 2+ (2-k) Sin[2 7w
g3 - (2m0Sin[nw]®+mlSin[2rw] +m2 (-28in[nw]?- (2-k) Sin[27w])) /
(2+(2-k) sin[2 w] ),
Sin[2 ntw] -28in[nw]?- (1-k) Sin[2 mw]

g4 - ; g5 > }

2+ (2-k) Sin[2 nw] 2+ (2-k) Sin[2 nw]

{0, 0,0,0,0,0}

Psuedo code, mixing for low, band, high, identical input

init :
m0 = low mix
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ml = band mix

m2 = high mix

for notch use m2 = m0
for peak use m2 = -m0

k = 2*res

w = pi*cutoff/samplerate
sl = sin (w)

s2 = sin (2*w)

nrm = 1/(2 + (2 - k)*s2)
sln = 2*sl*sl*nrm

s2n = s2*nrm

g0 = mO*((1 - k)*sln + s2n) + ml*(-sln - s2n) + m2*(sln + (1 - k)*s2n)

gl = -sln - s2n

g2 = -k*s2n

g3 = m0*(sln) + ml*(s2n) + m2*(-sln - (2 - k)*s2n)
g4 = s2n

g5 = -sln - (1 - k)*s2n

clear :

icleg = 0

ic2eq = 0

tick :

v0 = input

tl = g0*v0 + gl*icleq + g2*ic2eq
t2 = g3*v0 + gd*icleq + g5*ic2eq
vel = t1 + icleq (not needed)
vc2 = t2 + ic2eq

icleq = icleq + 2.0*tl

ic2eq = ic2eq + 2.0*t2

Psuedo code, mixing for low, band, high, decoupling mixing from coeffs,
possibly different inputs

init :

m0 = low mix

ml = band mix

m2 = high mix

for notch use m2 = m0

for peak use m2 = -m0
vlow = low pass input#*m0
vband = band pass input#*ml
vhigh = high pass input#*m2
for notch and peak use high pass input = low pass input
k = 2*res

w = pi*cutoff/samplerate
sl = sin (w)

s2 = sin (2*w)

=1/(2 + (2 - k)*s2)
2*sl*sl*nrm

s2n = s2*nrm

gm0 = (1 - k)*sln + s2n

(O]

]

==
I

gOml = -sln - s2n

g0m2 = sln + (1 - k)*s2n
gl = -sln - s2n

g2 = -k*s2n

g3m0 = sln

g3ml = s2n

g3m2 = -sln - (2 - k)*s2n
g4 = s2n

g5 = -sln - (1 - k)*s2n
clear :

icleqg = 0

ic2eq = 0

tick :

v0 = input

tl = vlow*gOm0 + vband*gOml + vhigh*gOm2 + gl*icleq + g2*ic2eq
= vlow*g3m0 + vband*g3ml + vhigh*g3m2 + g4*icleq + g5*ic2eq
vcl = tl + icleqg (not needed)

o+
N
|
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vc2 = t2 + ic2eq
icleq icleq + 2.0*tl
ic2eq ic2eq + 2.0*t2

Implementation check against tan version, mixing for low, band, high

CalcCoeffl[cutoff_, res_, mixlow_, mixband_, mixhigh_, sr_] := Block[{w, nrm},
m0 = mixlow;
ml = mixband;
m2 = mixhigh;
w = cutoff /sr;
k = res;
g =Tan[nw];

’
Ca]].cCoeff2 [cutoff_, res_, mixlow_, mixband_, mixhigh_, sr_] :=
Block[{w, nrm, sl, s2, s2n, ssn},
m0 = mixlow;
ml = mixband;
m2 = mixhigh;
W= cutoff/sr;

k = res;
sl = Sin[nw];
s2 = Sin[2 nw];

w=7r*cutoff/sr;

sl = Sin[w];

s2 =Sin[2 xw];

nrm=1/ (2+ (2-k) *s2);

sln =2 *slxsl*nrm;

s2n = sS2 * nrm;

g0 =mO0* ((1-k) *sln+s2n) + ml* (-sln-s2n) + m2 % (sln+ (1-k) *s2n);

gl = -sln-s2n;

g2 = -k *s2n;

g3 =m0 * (sln) + ml* (s2n) + m2 % (-sln- (2-k) *s2n);
g4 = s2n;

g5 = -sln- (1-Kk) *s2n;

K

Tickl[t_, vO_] :=Block[{v1, v2, tl1l, t2, vout, vecl, vc2},

1
vel= —mmm88m8
(1+g9)?-gk
(—gic2eqk+ic1eq (l+g-9gk) +g ((L+g-gk)m0O- (1+g)ml+ (1+g-k)m2) VO);
1
vec2 = —(icZeq+g (icleq+ ic2eq+ (gm0 +ml + (-2 -g + k) m2) VO));
(L+g)?-gk

icleq = 2vcl - icleq;

ic2eq = 2vc2-ic2eq;

vout = m2 v0 + vc2;

Return[{t, vO, vout}]
]:

Tick2[t_, vO_] :=Block[{vl, v2, tO0, tcl, t1, t2, vout, vcl, vc2},
tl1 =g0*v0+gl=x*icleq+g2x*ic2eq;
t2 =g3 *v0+g4 *icleq + g5 * ic2eq;
vel = icleq+ tl;
vc2 = ic2eq + t2;
icleq = icleq+2.0 % t1;
ic2eq = ic2eq+2.0 % t2;
vout = m2 v0 + vc2;
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Return[{t, vO, vout}]
1i

sr = 44100.0;
h=1.0/sr;
cutoff = 1000.0;
res =1.0;

MySaw[x_]

=2 (x-Floor[x] -0.5);
MyOsc[x_] 1

= 1 MySaw[400 x];
mixlow = 1;
mixband = 0;
mixhigh = 0;
CalcCoeffl[cutoff, res, mixlow, mixband, mixhigh, sr];
CalcCoeff2[cutoff, res, mixlow, mixband, mixhigh, sr];
icleq = ic2eq = 0;
tpl = Table[Tickl[t, MyOsc[t]] , {t, O, 0.01, h}];
icleq = ic2eq = 0;
tp2 = Table[Tick2[t, MyOsc[t]] , {t, O, 0.01, h}];
ListPlot[Table[tpl[[All, {1, i}]1], {i, 3, 3}],

Joined -» True, PlotRange - All, PlotLabel -» "Tan version"]
ListPlot[Table[tp2[[All, {1, i}]1]1, {i, 3, 3}]1,

Joined -» True, PlotRange - All, PlotLabel - "Sin version"]
tp3 = Table[Flatten[{tpl[[j, 111, tpl[[j, 211,

Table[tpl[[j, i]]-tp2[[j, 111, {i, 3, 3}1}], {j, 1, Length[tpl]}];

ListPlot[Table[tp3[[All, {1, i}]1], {i, 3, 3}], Joined - True,

PlotRange -» All, PlotLabel - "residual"]

mixlow = 0;
mixband = 1;
mixhigh = 0;
CalcCoeffl[cutoff, res, mixlow, mixband, mixhigh, sr];
CalcCoeff2[cutoff, res, mixlow, mixband, mixhigh, sr];
icleq = ic2eq = 0;
tpl = Table[Tickl[t, MyOsc[t]] , {t, O, 0.01, h}];
icleq = ic2eq = 0;
tp2 = Table[Tick2[t, MyOsc[t]] , {t, O, 0.01, h}];
ListPlot[Table[tpl[[All, {1, i}]1], {i, 3, 3}1,

Joined -» True, PlotRange - All, PlotLabel - "Tan version"]
ListPlot[Table[tp2[[All, {1, i}]], {i, 3, 3}1,

Joined -» True, PlotRange - All, PlotLabel -» "Sin version"]
tp3 = Table[Flatten[{tpl[[j, 1]]1, tpl[[j, 211,

Table[tpl[[j, i]]-tp2[[]j, i1], {i, 3, 3}1}], {3, 1, Length[tpl]}];

ListPlot[Table[tp3[[All, {1, i}]], {i, 3, 3}], Joined - True,

PlotRange -» All, PlotLabel - "residual"]

mixlow = 0;
mixband = 0;
mixhigh = 1;
CalcCoeffl[cutoff, res, mixlow, mixband, mixhigh, sr];
CalcCoeff2[cutoff, res, mixlow, mixband, mixhigh, sr];
icleq = ic2eq = 0;
tpl = Table[Tickl[t, MyOsc[t]] , {t, O, 0.01, h}];
icleq = ic2eq = 0;
tp2 = Table[Tick2[t, MyOsc[t]] , {t, O, 0.01, h}];
ListPlot[Table[tpl[[All, {1, i}]1], {i, 3, 3}],

Joined -» True, PlotRange -» All, PlotLabel -» "Tan version"]
ListPlot[Table[tp2[[All, {1, i}]1, {i, 3, 3}1,
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Joined -» True, PlotRange -» All, PlotLabel -» "Sin version"]
tp3 = Table[Flatten[{tpl[[j, 1]]1, tpl[[j, 211,
Table[tpl[[j, i]]-tp2[[j, il]1, {i, 3, 3}1}], {j, 1, Length[tpl]}];
ListPlot[Table[tp3[[All, {1, i}]], {i, 3, 3}], Joined - True,
PlotRange -» All, PlotLabel - "residual"]

Tan version

Sin version

051

0.002 .004 0.00; .008 0.010

residual
6.x10710 |-

4.x107 [

2.x10-16 [

_2.x10-6 [

_4.x10-16 [

—6.x1076 [



16 | SkfLinearTrapezoidalSin.nb

0.2

T T

Tan version

-0.2

-0.6

-0.8

L e s e e e

0.2

T T T T

0.002 0.004 0.006 0.008 0.010

Sin version

-0.2

T T T T T T

-5.x1016

-1.x1071

0.5

T T T T

0.002 0.004 0.006 0.008 0.010

residual

Tan version

T

L I B e e

" 1 n JS—
~ 0002 %.004 0006 0008~ 0.410




Sin version
05f
[ \A,—A; . 1 o S— 1 1 e 1 1 e
I 0.002 \1.004 0'd6 0008~ o
05
1.0
15

T T T T T T

residual
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Solve for the input mixing SKF to show relation to
regular DFI coefficients

Remove["Global™ %"]
eqn =
{val == (mMOv0-mlvO -vl), va2 == (mlvO+vl-v2), vcl = (vl-(2-2k) v2+m2v0),
ve2 = (v2-m2v0), vcl == icleq+gval, vc2 == ic2eq+gva2,
icleq == (2 vel - icleq) z"!, ic2eq == (2 ve2 - ic2eq) z'!, hz =v2/ VO};
hz = hz /. Solve[eqn, {hz}, {vO, vl1l, v2, icleq, ic2eq, val, va2, vcl, vc2}][[
1]] // FullSimplify
skfa = Reverse[CoefficientList [Numerator[hz], z]];
skfb = Reverse[CoefficientList [Denominator[hz], z]];
skfa /= skfb[[1]]
skfb /= skfb[[1]]

skfa[[1]] + skfa[[2]] 2! + skfa[[3]] 22
1+skfb[[2]] z! +skfb[[3]] 272

hzskf =

a0+alz!+a2z2

1-blz!-b22z2

hzdfl

slndfl = FullSimplify[Solve[{aO0 == skfa[[1]], al == skfa[[2]],
a2 == skfa[[3]], bl == skfb[[2]], b2 =skfb[[3]]}, {g, k, mO, ml, m2}]]

m2 (-1+2)2+g?m0 (1+2)2+gml (-1+2?%)

(-1+2)2+g? (1+2)2+2gk (-1+2?)

g’m0+gml+m2 2g?m0-2m2 g?m0-gml+m2

14 I
1+g2+2gk 1+g2+2gk 1+g2+2gk

-2+2g? 1+g2-2gk

4

I
1+g2+2gk 1+g?2+2gk

g2m0+gml+m2 g2 m0-gml+m2 2 g2m0-2 m2
1+g2+2gk (1+g2+2 g k) 22 (1+g2+2 g k) z
1 1+g2-29gk -2+2 g2
(1+g2+2 g k) 22 (1+g2+2gk) z
a0+i—f+az—1
b2 bl
1-% %
\V-1-bl-b2 1-b2
{{go- "% % :
v -1+bl-b2 v-1-bl-b2 \/-1+bl-b2
a0 +al +a2 2 (a0 -a2) a0 -al+a2
mo»> ——, ml > ,m2%7},
1+bl+b2 v-1-bl-b2 +/-1+bl-b2 1-bl+b2
\V-1-bl-b2 -1+b2 a0 +al + a2
{ge—,ke ,y M0 » —M8M8M8@8m,
vV-1+bl-b2 v-1-bl-b2 +/-1+bl-b2 1+bl+b2
2 (a0 -a2) a0 -al+az
ml > - ,m2 o 2T
vV-1-bl-b2 \/-1+bl-b2 1-bl+b2

Calculate g, k, m0, ml, m2 for some specific DF| coefficients.

This is the completely wrong way around to think of this stuff since you should be using the continu-
ous analog filter prototypes since the equations are soooo much easier, as is seen by the results of
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the coefficients, they are fairly elegant and make sense, where the DF1 coeffs are completely
abastract

DFI low pass
cw = Cos[nrw];

sw = Sin[nw];
alpha =k *sw/ 2;

b0 = 1 + alpha;

bl = (-2*xcw) /b0;

b2 = (1 -alpha) / bO;
a0=1/2 (1-cw) /b0;
al= (1-cw) /b0;
a2=1/2(1-cw) /b0;

Show[Table[Plot[{bO, bl, b2}, {w, O, 1}, PlotRange - All], {k, O, 2}]]
Show[Table[Plot[{a0, al, a2}, {w, O, 1}, PlotRange -» All], {k, 0, 2}]]

sgkm = FullSimplify[slndf1l]
SqrSqrtSimplify[eqn_] :=
FullSimplify[Sqrt[FullSimplify[(eqn)®]], w>0&&w< 1&8k > 0]
Table[{g » SqrSqrtSimplify[g /. sgkm[[i]]],
ko (-1)%? SqrSqrtSimplify[k /. sgkm[[i]]], mO > (mO /. sgkm[[i]] ) ’
ml > (-1)% SqrSqrtSimplify[ml /. sgkm[[i]]], m2 > (m2 /. sgkm[[i]] ) }, {1, 1, 2}]

T T T T T T T T

-2

051

0.2 0.4 0.6 0.8 1.0
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-1l+Cos[nw TW -1+Cos[nw
2+k Sin [ w] k COt[ 2 } 2+k Sin[ntw]
oo\ k- :

l1+Cos[ntw 2 1+Cos[ntw

" 2+kSin[nw] " 2+kSin[nw]

-1+Cos[ntw kcot[ﬂ} -1+Cos[ntw
2+k Sin[nw] 2 2+k Sin[nw]

g ——, k> ,m0 -1, ml-0,m2-0}}

,m0 > 1, ml->0,m2-0},

1+Cos[ntw 2 1+Cos[ntw

" 2+kSin[nw] " 2+kSin[nw]
TwW k
{{g»Tan[f], k> —,m0->1,ml >0, m2- O},
2 2

{geTan[ﬂ],ke—E,m0+1,m1+0,m2—>0}}
2 2

DFI high pass

cw = Cos[nrw];
sw = Sin[nw];
alpha =k *sw/ 2;

b0 = 1 + alpha;

bl = (-2 *xcw) /b0;

b2 = (1 -alpha) / bO;
a0=1/2 (1+cw) /b0;
al=-(1+cw) /bO;
a2=1/2 (1+cw) /b0;

Show[Table[Plot[{bO, bl, b2}, {w, O, 1}, PlotRange -» All], {k, 0, 2}]]
Show[Table[Plot[{a0, al, a2}, {w, O, 1}, PlotRange - All], {k, O, 2}]]

sgkm = FullSimplify[slndfl]
SqrsSqrtSimplify[eqn_] :=
FullSimplify[Sqrt[FullSimplify[(eqn)?]], w>O0&&w< 1&&k > 0]
Table[{g » SqrSqrtSimplify[g /. sgkm[[i]]],
ko (-1)i? SqrSqrtSimplify[k /. sgkm[[i]]], mO > (mO /. sgkm[[i]] ) ’
ml - (-1)% SqrSqrtSimplify[ml /. sgkm[[i]]], m2 » (m2 /. sgkm[[i]] ) }, {i, 1, 2}]

|
N
T T T T T T T T
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-1+Cos[nw kCOt[ﬂ} -1+Cos[nw
2+k Sin[nw] 2 2+k Sin[ntw]

{{ge——,ke

_ _l+Cos[nw 2 _ _1+Cos[nw
2+k Sin[nw] 2+k Sin[nw]
-1+Cos[ntw TW -1+Cos[ntw
A[ 2+kSin[nw] k Cot [ 2 ] A[ 2+kSin[nw]
—, k>

,m0 >0, ml >0, m2->1},

{ge ,mOeO,mleO,mZel}}
_ _l+Cos[nw 2 _ _l+Cos[nw
2+k Sin[rrw] 2+k Sin[rrw]

{{geTan[H], k - E,mOaO,mleO,mZel},
2 2

{geTan[H],k—>—5,m0eo,m1—>o,m2—>1}}
2 2
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DFI bell

cw = Cos[nnw];
sw = Sin[nw];
alpha = k *x sw/ 2;

b0 =1 +alpha/A;
bl = (-2*cw) /bO;
b2 = (1-alpha/A) /b0O;
a0 = (1 +alpha*A) /bO;
al = (-2*cw) /bO;
a2 = (1-alphax*xA3) /bO;

Show[Table[Plot[{bO /. {A > 2}, bl /. {A> 2}, b2 /. {A-> 2}},
{w, 0, 1}, PlotRange -» All], {k, 0, 2}]]

Show[Table[Plot[{a0 /. {A> 2}, al /. {A~> 2}, a2 /. {A-> 2}},
{w, 0, 1}, PlotRange - All], {k, 0, 2}]]

sgkm = FullSimplify[slndfl]
SqrSqrtSimplify[eqn_] :=
FullSimplify[Sqrt[FullSimplify[(eqn)®]], w>0&&w<1&58k>0&& A> 0]
Table[{g - SqrSqrtSimplify[g /. sgkm[[i]]],
k> (-1)! SqrSqrtSimplify[k /. sgkm[[i]]], mO - (mO /. sgkm[[i] ]) ’
ml > (-1)* SqrSqrtSimplify[ml /. sgkm[[i]]], m2 > (m2 /. sgkm[[i]])}, {i, 1, 2}]

0:2 04 0.6 08 1.0
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A (-1+Cos[nw
2 A+k Sin[rw]

k Sin[rnw]
{{g - - r k- r
_ A (1+Cos[nw A (-1+Cos[rrw]) _ A (1+Cos[nw .
2 A+k Sin[nw] 2 \/ 2 A+k Sin[nw] 2A+k Sin[nw] <2A+kSln[7TW}>
. A (-1+Cos[ntw
AkSln[JTW] 2A+k Sin[nw]
m0 > 1, ml > ,m2a1},
A (1+Cos[nw
(—1+COS [JTW]) B 2A+k Sin[rw]
A (-1+Cos[nw]) . _ A (1+Cos[nw])
2 A+k Sin[nw] k Sin [JTW} 2A+k Sin[nw]
{g- P k- '
A (1+Cos[riw]) A (-1+Cos[nw])
A (1+Cos[nw 2A(1+COS[T(W1) A (-1+Cos[nw

" 2Aa+ksin[nw] 2 A+k Sin[nw]

W A (-1+Cos[niw
AkCOt[ 2 } 2 A+k Sin[rw]

mo -1, ml— ,m2 > 1}}

_ A (1+Cos[nw
2A+k Sin[nw]

{{geTan[H],ke—i,mo%l,mle—Ak, m2 -1},
2 2A

{g»Tan[H], kei,mOAI,mlaAk, mzel}}
2 2A
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DFI low shelf
cw = Cos[nnw];
sw = Sin[nw];

alpha = k *x sw/ 2;

sqrtA = Sqrt[A];

bO=((A+1) + (A-1) *cw+ 2 * sqrtA x alpha);
bl=(-2%((A-1)+ (A+1) xcw)) /bO;

b2=((A+1) + (A-1) *cw-2 % sqrtA x alpha) / bO0;

a0= (A*x ((A+1) - (A-1) *cw+ 2 * sqrtA x alpha)) / bO;
al=(2*xAx ((A-1)-(A+1) xcw)) /bO;

a2=(Ax ((A+1) - (A-1) xcw- 2 *sqrtA xalpha)) / bO;

Show[Table[Plot[{bO /. {A > 2}, bl /. {A> 2}, b2 /. {A-> 2}},
{w, 0, 1}, PlotRange -» All], {k, 0, 2}]]

Show[Table[Plot[{a0 /. {A> 2}, al /. {A~> 2}, a2 /. {A-> 2}},
{w, 0, 1}, PlotRange - All], {k, 0, 2}]]

sgkm = FullSimplify[slndfl]
SqrSqrtSimplify[eqn_] :=
FullSimplify[Sqrt[FullSimplify[(eqn)®]], w>0&&w<1&58k>0&& A> 0]
Table[{g - SqrSqrtSimplify[g /. sgkm[[i]]],
k> (-1)! SqrSqrtSimplify[k /. sgkm[[i]]], mO - (mO /. sgkm[[i] ]) ’
ml > (-1)* SqrSqrtSimplify[ml /. sgkm[[i]]], m2 > (m2 /. sgkm[[i]])}, {i, 1, 2}]




-1+Cos [w]
1+A+ (-1+A) Cos [nw]+VA kSin[nw]

{{o-- ,

J_ A (1+Cos[nw])

1+A+ (~1+A) Cos [ w]+\/A kSin[nw]

-1+Cos[rrw]
VA kSin[nw]
\/1+A+ -1+A) Cos ﬂw]+rk31n[nw]
k- , m0 - A?,
A (1+Cos|[rtw])
2 1+Cos|
( \/ 1+A+(-1+A) Cos [T w] +rk51n[nw]
A3/2 k Sln JTW -1+Cos[nw]
1+A+ (-1+A) Cos[ntw] +rk51n[ﬂw]
ml - , M2 - 1} ,
A (1+Cos[niw])
1+Cos|
( \/ 1+A+(-1+A) Cos[rnw] +\/_kSln[7TW]
-1+Cos [nw]
1+A+ (-1+A) Cos [nw]+\/A k Sin[nw]
{g- ,
_ A (1+Cos[ntw])
1+A+(-1+A) Cos|[ \ﬁkSln[nw]
. -1+Cos[nw]
VA kSin[nw
[ ] \/1+A+(—1+A) Cos[nw]+VA kSin[rw]
k- - ’ mo0 - AZI
2 (—1+COS[7TW]) _ A (1+Cos[nw])
1+A+ (-1+A) Cos[nw]+VA kSin[nw]
A3/2 Sin [JTW] -1+Cos[nw]
1+A+ (-1+A) Cos [nw]+V/A kSin[nw]
ml > - , M2 > 1}}
(—l+COS[7TW1>\/— A (1+Cos[ntw])
1+A+ (-1+A) Cos [nw]+V/A kSin[nw]
Tan [ "] k
{{g» ,k»—*,mOAAz,mle—Ak,mZAI},
VA
W
ran| |

k 2
—, m0 > A°, ml >Ak, m2e1}}
2
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DFI high shelf
cw = Cos[nnw];
sw = Sin[nw];

alpha = k *x sw/ 2;

sqrtA = Sqrt[A];

bO=(A+1) - (A-1) *cw+ 2 * sqrtA x alpha
bl=2%((A-1) - (A+1) *xcw) /b0

b2=((A+1) - (A-1) *cw-2 % sqrtA » alpha) / b0
a0=Ax* ((A+1) + (A-1) *cw+ 2 * sqrtA x alpha) / b0
al=-2%xA% ((A-1)+ (A+1) xcw) /bO

a2 =Ax ((A+1) + (A-1) xcw- 2 »sqrtA xalpha) /b0

Show[Table[Plot[{bO /. {A > 2}, b1 /. {A>2}, b2 /. {A > 2}},
{w, 0, 1}, PlotRange -» All], {k, 0, 2}]]

Show[Table[Plot[{a0 /. {(A> 2}, al /. {A>2}, a2 /. {A> 2}},
{w, 0, 1}, PlotRange - All], {k, 0, 2}]]

sgkm = FullSimplify[slndfl]
SqrSqrtSimplify[eqn_] :
FullSimplify[Sqrt[FullSimplify[(eqn)®]], w>0&&w<1&58k>0&& A> 0]
Table[{g - SqrSqrtSimplify[g /. sgkm[[i]]],
k> (-1)! SqrSqrtSimplify[k /. sgkm[[i]]], mO - (mO /. sgkm[[i] ]) ’
ml > (-1)* SqrSqrtSimplify[ml /. sgkm[[i]]], m2 > (m2 /. sgkm[[i]])}, {i, 1, 2}]

1+A-(-1+A) Cos| \/7kSJ.n [rTw]
2 (-1+A-(1+A) Cos[ntw])

1+A- (-1+A) Cos[nw] ++/A kSin[rw]
1+A- (-1+A) Cos[nw] -+/A kSin[rw]
1+A-(-1+A) Cos | \/7kSJ.n [tw]
A(l+A+ (-1+A) Cos|rT \/7kSJ.n [Tw]
1+A-(-1+A) Cos|[r \/_k81n [Tw]

2A(-1+A+ (1+A) Cos[ntw])

1+A-(-1+A) Cos| ++A kSin[rw]

A(l1+A+ (-1+A) Cos]|rT -+A kSin[nw]

1+A-(-1+A) Cos ([ ++vA kSin[rw]
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A (-1+Cos[ntw])
1+A- (-1+A) Cos [nw]+VA kSin[nw]

{{o-- ,

_ 1+Cos[nnw]
1+A- (-1+A) Cos[nw]+VA kSin[nw]

/A kSsin[nw) \/ 1+Cos [nw]

1+A- (-1+A) Cos [nw]+\/A kSin[nw]
k- -

, m0->1,
2 (1+COS[7TW]) A (-1+Cos[rniw])
1+A- (-1+A) Cos [nw]+\/A kSin[nw]
A32kSin[nw] |- 1-Cos [ w]
1+A- (-1+A) Cos [nw]+\V/A kSin[nw]
ml > - , M2 > Az},

~1+A) Cos[nw]+VA kSin[nw]

(1+Cos[nnw]) A (~1+Cos[nw])
1+A-(

\/ A (-1+Cos[ntw]) \/stin[nw} \/ 1+Cos [ntw]

1+A- (-1+A) Cos [nw]+\/A k Sin[nw] 1+A- (-1+A) Cos [nw]+VA kSin[nw]

{g - s k>
_ 1+Cos[ntw] 2 (1+COS [JTW]) A (-1+Cos[nnw])
1+A- (-1+A) Cos [ w]+VA kSin[nw] 1+A- (-1+A) Cos [nw]+VA kSin[nw]
A32ksin[nw] |- LiCos [/rw]
1+A- (-1+A) Cos [nw]+\V/A kSin[nw]

mO0O->1, ml->

, M2 —>A2}}

(1+COS[7TW} > A (-1+Cos[ntw])
1+A- (-1+A) Cos [nw]+VA kSin[nw]

{{g%\/KTan[ﬂ},kafk,mO%l,mlafAk, mZAAZ},
2 2

{ge\/KTan{ﬂ}, k- E, mO0O->1, ml->AKk, m2+A2}}
2 2



